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GRAVITATIONAL RADIATIVE FRICTIONAL FORCE

R. D. Ivanenko and A. M. Brodskiy
s - HoRMRRER L6, . 1080 -
Submitted 17 Jul '50
L. D.. Tvanenko showed qualitatively (Uépekhi Fiz Nawk 32, No. 2, 3,
1947) that, besides electromagnetic and meson friction, gravitational
radiative friction must also exist, which must be taken into conzideration
in equations of motion of an individual particle. Developing these cone
" giderations we computed, .in the framework of the classical theory, the
retardation, caused by the radiation of gravitational waves, for a point
pa.rficle in an approidréht’;l.qn ypich ca:h_be called semirelativistic in a sense .
to be clarified below. Such calculations are of interest in the general
* theory of fields and particles,
The gquation of the geodésic line in space warped by the n‘aturallgrav-
‘ jtational field is regarded as the equation of motion of a pa.rticle. This
field is considered to be weak, thus al.l.owing Binstein's equations to be
used in a linear approximation; the discuusion is cov-iucted in & geodesic
normal system of coordinates with the orjpin coincic.. with ti. parti¢less
positioﬁ at a certain moment. The ac.’ aibility of these jremises fun
realizablg cases will be considered u.;m.;,.
Small additions hqp(x) to f,he Galilean values of the metric tesor
are determined by the equation Dtp‘[g o — llﬂTk'tT; /(,'l (1)
where h' -\P?,——B;; LP:; , with normed conditions of the Hilbert-Lor-ita
type :BL[)(? I dx"=0 (summation is carried out with respect to identicad
indices), ‘ '
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Here we assume tp equal to the energy tensor: 'tﬂ-w my, C u Llﬂ L4

2 o .
(1= V ) >N (X') ’P’(()) ", -where X'T (t) is the particle’s :
coordinate, Nt is the natural mass, k is the Newtonian gravitational con-

dx*/ids and as? = —d O dx - d ke i,

o
stant, w ==

As will be evident from a consideration of solutdon (3) ut;Llized below,
we cannot, thanks to the peculia:.rties of ihis proﬁlem, include, in ouv ' ,
approximation, the squares of the derivatives of the gravitational potentials
) into the equations determining the spatial components tF; « (See V. A. Fok,
ZhETF Vol. 9, 315, 1939). ' ' ‘
Instead of proceeding only from the field equations, we employ in the
right side of equation (1) above the expressibn taken from the speciaf.
) theory of relativity. This represents an application of unique successive
approximations, which turns out to be convenient, since we are conducting
' our discussion in & space differing slightly from a pseudoscalar one,
For the same reason we can generally speak of a weak gravitational ‘

field and also approximately introduce thd notion of a vector in its ord-

inary sense by attaching to x N x , x3 the significance of spatial Cartesian
coordinates, and to t = x°/c the significance‘ of time., The method of su?-
cessive approximations was used earliex': by V. A. Fok, Einstein, Infeld,
Hoffman, P. Bergman? and N. M. Petrova (ZhEIF, Vol. 19, 989, 1949), withhthe
' morc general aim of ocbtaining the equations of motion of a Newtonian system
from the equations of the gravitational field.
Birkhoff indicated the reasons for the selection, in Riemannian space
of the general theory of relativity, of a geodesic normal system of coordinates (

with Galilean significance of the metric tensor g,g (x7 ) for xV = 0, which

(i.e. system), as we shall consider, approxima‘oes most of all the Lorentz!
i system. As follows already from the geometric sense of geodesic coordinates, .

ihe approximation used by us will be valid if the particle does ‘ot leave
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during the time of observation the bounded region of three~-dimensional space.

The conditions that the additions haﬁ(x’ to Enp (0) be small. for xyzfz (¢}

.and, consequently, -the conditions that the gravitational effects be small

. 3
are described in the form of inequalities: Rwﬁl <1, where R, is Riccl's

tensor and .Z i3 a linear measure ol & part of the three-dimensional space

under consideration. The inequality derived follows already from considere-

tions of dimensionality; one can obtain it by considering the Maclaurin

expa ijon of Bup ° Since the greatest of the values of R in the order
2 B ap®

of magnitude, equals kt /c = kp/c , where p is the density of the mass,

ur condition can be rewritten thuss ,2 < C/ Vkp .

For elementary particles, one has to replace, in a certain sense in the

spirit of the field theory of matter, p by n/r 3 where ry is the so-called
P g | : ,

gravitational radius. Characteristically, in the last case the necessity

appears partio oularly clearly for a quantum-mechanical {reatment in discuss-

jons of finite situations.

A8 is easily seen, any, solution (1) of \Pﬁ(x) can be transforned by

an approximate expression of thie forms: ——AMX —LP 0) , where A‘;,,

kP 8 (0) are constants in a gi.ven system of coordinates, po selected (L.e.

constants) that N\p / ) X1/ = and /7 (0) =0a. Obviously these supple-

mentary terms do not diarupt norming conditions. Thus we actually can con-

duct calculations in the normal system of cooxﬂinates and utilize the sol-

utions of eguations (1), In our succeeding computations, the terms with
o« A ® .
Amx and 4)6(0) disappear,
henceforth be disregarded.

and therefore for brevity's sake they can '

After simple transformations of the equation of the geodesic liné:

2,4 2 Ao
b Ax™ dyP /dt dx
,=—Tparat ™ ds/dt
—— %*AxP /CH"
0= P‘BE\—T +Cds[d‘c

o

|

[\
+
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we obtain with the accuracjr assumed the equation of motion:

F t\ho v dh., 2.!"' dh:

'Y\Oj‘{-tz ——M, C Py gracl l’\ + 615"6 -+ ( 3raclh ('")
g 3 ohs qohey T oh

+;:_ %l;i") *‘V v (bh - 3""‘”1 bx‘a c at 2&">}

The Oreek indices run through the values O, 1, 2, 3 and the Latin run
through 1, 2, 3. For abbreviation, we employ the symbolism of three-
dimensional vector analysis and introduce the designations 3“ = h2°i where

ieh can approximately be interpreted as three- dimensional
bases.

Thus, as in a similar problem of electrodynamics we have now an
equation (2) of motion and a wave equation (1) for the potentials of a
‘natural field of a particle. Using the mentioned similarity, one can fake,
as in the corresponding computations of Lorentz, for substitution in (2) tl\e
solution of equations (1) 1n the fomm of lagging potentials (the feasibility
of the norming condit.ion was earl:l.er pointed out by Einstein); then one can '
expand in a series in 1/¢ and Ie,ject. the divergent terms connected with the
field gravitational mass.

The calculations are simplified somewhat by the fact that, as follows'
already from qualitative considerations, in Ithe expression for the grav=
itational radiative frictional force one must introdﬁce only the terms uith*.:.
1/c3, l/c TR ¥/ 20+l yhere n is a whole number.

‘A similar finite result is obtained more simply by the method of
Wentzel, Diracy and A. A. Sokolov (see ZhEIF, 18, 280, 19!;8) s Who utilized
the half-difference of the leading and lagging electromagnetic povtex’ltiala s
which automatically excludes divergent terms in the gseries expansion

in 1/0.

i)
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Using this method of electrodynamics for gravitation, we take:

m ~bw \'Z‘L - —St-+-% !
hﬁ_:;Q a_lfj'u U(3+ (I {é,(t 't{- S (=t c)}dt

rs R (t')

—'2-%2;—"\ {2 \t_ (Ll UB‘*"’— B)(l Cl)z-}‘— C‘Z-Sta[Rl(u U{a“‘—sp)‘

]_”-

R
] o VZ Z
-5 —h,qu[R (', + 55 1~ 5 ]+'-'-}. (3)

Here R =/;;' ._Fi(t')/’ where Fl(t) is the running radius-vector of the
particle. After substituting h?, into (2), wfere we can et R = 0 and
a_ﬁ/af= —V(t), we obtain the desired equations

;_le “mok lacglti"”' (v v_,__“]

Here the terms containing 1/c or higher powers of 1/c are not u.ritten,
which causes us to call the computation semirelativistic.

If the particle moves without acceleration, then the expression
obtained a.fter averaging with respect to time willl not lead to the radiation
of energy since V(/ /;/f‘ reducea to complete derivative; for example, -
vzgi\t’,_ d't" +<7H;) . 'The appggrance in the expression, for the
radiation of energy of a point particle, of a term with 1/¢3 for dF/df#O
does not contradict the well-known formula for the rat.ﬂia'tion of gravitational
energy by a system in which cnly a quadrupole term proportional to 1/c5 is
containe&. As in the carve of radiation of electromagnetic energy by &
moving electron, the origin, during acceleration, of the dipole term pro-
portional t§ l/c3 is comnected with the fact that the expansion into dipole,
quadrupole, ete terms is not invariant. However, it is _necessary to note )
the essentiel fact: if one integrates at once the equation of motion of a
point-partlcle with retarding force, then solutions with dv/dt#o will
appear, In other words, the fact of the presence of a natural gravitational

field poses the question: whether it is possible in princ:'.ple to. cuooae, :
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wirvhin the framework of the theory of relativity, a system of readings end
measurements in which the acceleration of & body would Qiffer from gzero for
a velocity T/#: 0. The situation here is complevely ,a'nalogous to the
problem of Dirac's self-accelerating electron in the classical theory.

bIn conclusion we note that our approaqh'to the problems of gravitatiqn,
based (i.e. approach) on the equations Qf a weak field, permits one to
esteblish still another series of problems, for example tha_problem of
gravitetional vacuum. On the otﬁer hand, the geheral nonlinear theory of
the gravitational field must also lead to a suitable rediative frictional

force.
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